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In quantum metrology, the Holevo Crame´r-Rao bound has attracted renewed interest in recent years due to its
superiority over the Helstrom Crame´r-Rao bound and its asymptotic attainability for multi-parameter estimation.
Its evaluation, however, is often much more difficult than that of the Helstrom version, calling into question the
actual improvement offered by the Holevo CRB and whether it is worth the trouble. Here I prove that the
Holevo bound is at most thrice the Helstrom version, so the improvement must be limited. The result also shows
that the Helstrom version remains a pretty good bound even for multiple parameters and can be approached
asymptotically to within a factor of 3.
For any measurement of a quantum system and any unbi-
ased estimator, a quantum generalization of the Crame´r-Rao
bound (CRB)—first proposed by Helstrom in 1967 [1]—can
be expressed as [2]
trGΣ ≥ min
X∈χ
tr ReQ(X) ≡ CS , (1)
Q(X) ≡
√
GZ(X)
√
G, Zjk(X) ≡ tr ρXjXk, (2)
where Σ is the error covariance matrix, G is a real, sym-
metric, and positive-semidefinite cost matrix, ρ is the den-
sity operator of the quantum system that depends on real un-
known parameters (θ1, θ2, . . . , θn), χ is the set of all vec-
toral Hermitian operatorsX = (X1, X2, . . . , Xn) that satisfy
trXj∂ρ/∂θk = δjk, and the real part of a matrix is defined
by (ReQ)jk = (Qjk + Q
∗
jk)/2. The original form of C
S in
terms of the symmetric logarithmic derivatives of ρ [1–3] is
a closed-form solution of Eq. (1). The Helstrom CRB serves
as a fundamental limit to quantum estimation and has found
many applications in quantum metrology.
Despite the popularity of the Helstrom CRB, better bounds
exist [3–13]. In particular, Holevo proposed a bound that can
be expressed as [2, 3, 14, 15]
trGΣ ≥ CH ≥ max{CS , CR} , (3)
CH ≡ min
X∈χ
[tr ReQ(X) + ‖ImQ(X)‖1] , (4)
where CR is another CRB due to Yuen and Lax [5] that is
not elaborated here, the imaginary part of a matrix is defined
by (ImQ)jk = (Qjk − Q∗jk)/(2i), the trace norm is defined
as ‖A‖1 ≡ tr
√
A†A, and † denotes the conjugate transpose.
When there are multiple parameters, the Holevo CRB CH is
not only tighter but also attainable asymptotically [14–16]. It
has attracted renewed interest in recent years [14–20], as many
applications involve multiple unknown parameters, while its
complicated mathematical form also holds a certain allure for
some theorists in the area.
Despite the fundamental importance of the Holevo CRB, its
evaluation is difficult and daunting numerics is often needed.
This is in contrast to the more amenable Helstrom CRB, for
which researchers have devised many fruitful computation
techniques over the years [2, 21–31]. For the less motivated
researchers, this raises the questions how much tighter the
Holevo CRB actually is and whether it is worth the trouble
after all. The following theorem gives a concrete answer.
Theorem 1. CH ≤ 3CS .
Proof. For any X , it can be shown that Z , Q, and i ImQ are
Hermitian,
√
G and ReQ are real and symmetric, while ImQ
is real and skew-symmetric. Moreover,
√
G, Z , Q, and ReQ
are positive-semidefinite. Write
Q = ReQ + i ImQ, i ImQ = Q− ReQ. (5)
‖ImQ‖1 is then bounded by
‖ImQ‖1 = ‖i ImQ‖1 = ‖Q− ReQ‖1 ≤ ‖Q‖1 + ‖ReQ‖1
= trQ+ trReQ = 2 trReQ, (6)
where the triangle inequality is used, ‖Q‖1 = trQ and
‖ReQ‖1 = trReQ because Q and ReQ are positive-
semidefinite, and trQ = trReQ + i tr ImQ = trReQ be-
cause ImQ is skew-symmetric. Now write the Helstrom CRB
as
CS = trReQ(XS), (7)
where XS is the element in χ that minimizes trReQ(X) in
Eq. (1). Combining Eqs. (4), (6), and (7), one obtains
CH ≤ tr ReQ(XS) + ‖ImQ(XS)‖1 (8)
≤ 3 trReQ(XS) = 3CS . (9)
The theorem puts the Holevo CRB in the sandwich
max
{
CS , CR
} ≤ CH ≤ 3CS , (10)
and researchers can now decide for themselves whether an im-
provement by at most a factor of 3 warrants the extra effort of
evaluating CH . The theorem may even be on the generous
side, as numerical results often show that the improvement is
less than a factor of 2 [18–20]. On the flip side, the theorem
here, together with the asymptotic attainability of CH [14–
16], implies that CS is asymptotically approachable to within
2a factor of 3, so the Helstrom CRB turns out to remain a pretty
good option, even for multiple parameters.
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